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ERD of Foundations - Modules



Pile Foundations
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Module - 3
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Module -3: Chapters



• Introduction

• Conventional Method of Analysis

• Elastic Method using Winkler Approach

• Solution for Piles in Cohesionless Soil 

• Solution for Piles in Clay 

• Design Procedure for Piles

• Numerical Examples
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Chapter 2: Lateral Loads on Piles
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Solution for Piles in Cohesionless Soil
A typical pile of length Ls and stiffness El is shown in Fig. The depth x is
measured downward from the ground line. The boundary conditions at the top
consist of an imposed moment Mg and a shear Qg and each is shown acting in
a positive sense. The soil modulus variation for which the solution is available
as

𝒌 = 𝜼𝒉𝒙 (0)

Fig. a shows the y(x) curve of 

Pile. Once this is known, its 

derivatives yield slope moment,

shear and soil reaction are shown

in Fig. b, c, d and e respectively.
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Solution for Piles in Cohesionless Soil (Continued…)

Relative stiffness factor,                           (T)   = 
𝑳𝜶

𝝀
(1)

𝝀 = positive integer, 𝑳𝜶 = Infinite length of pile(depends upon EI of pile). Now
y(x) may be expressed as

y(x) = f(x, T, 𝑳𝒔, 𝒌, 𝑬𝑰, 𝑸𝒈, 𝑴𝒈) (2)

If deflections are small and if an elastic behaviour is assumed, the principal of
superposition may be applied.

If 𝒚𝑨 represents the deflection caused by the lateral load 𝑸𝒈 and 𝒚𝑩 the
deflection caused by 𝑴𝒈, the total deflection is given by

𝒚 = 𝒚𝑨 + 𝒚𝑩 (3)
𝒚𝑨

𝑸𝒈
= 𝒇𝑨(x, T, 𝑳𝒔, 𝒌, 𝑬𝑰) (4a)

𝒚𝑩

𝑴𝒈
= 𝒇𝑩(x, T, 𝑳𝒔, 𝒌, 𝑬𝑰) (4b)
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Solution for Piles in Cohesionless Soil (Continued…)
Writing Equation 4  in dimensionless form 

Case A:
𝒚𝑨𝑬𝑰

𝑸𝒈T𝟑
,
𝒙

𝑻
,
𝑳𝒔

𝑻
,
𝒌T𝟒

𝑬𝑰
(5a)

Case B:
𝒚𝒃𝑬𝑰

𝑴𝒈T𝟐
,
𝒙

𝑻
,
𝑳𝒔

𝑻
,
𝒌T𝟒

𝑬𝑰
(5b)

Where, 
𝒙

𝑻
= Z (depth coefficient )                          (6a)

𝑳𝒔

𝑻
= Zmax (maximum depth coefficient ) (6b)

𝒌T𝟒

𝑬𝑰
= f(z) (Soil modulus function ) (6c)

𝒚𝑨𝑬𝑰

𝑸𝒈T𝟑
= Ay (deflection coefficient for case A) (6d)

𝒚𝒃𝑬𝑰

𝑴𝒈T𝟐
= By (deflection coefficient for case B) (6e)
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Solution for Piles in Cohesionless Soil (Continued…)
Thus from equation (6d) and (6e)

Total deflection, 𝒚𝒙= 𝒚𝑨 + 𝒚𝑩 = Ay

𝑸𝒈T𝟑

𝑬𝑰
+ By

𝑴𝒈T𝟐

𝑬𝑰
(7a)

Slope, 𝑺𝒙= 𝑺𝑨 + 𝑺𝑩 = As

𝑸𝒈T𝟐

𝑬𝑰
+ Bs

𝑴𝒈𝑻

𝑬𝑰
(7b)

Moment, 𝑴𝒙= 𝑴𝑨 + 𝑴𝑩 = Am𝑸𝒈𝑻 + Bm𝑴𝒈 (7c)

Shear, 𝑽𝒙= 𝑽𝑨 + 𝑽𝑩 = Av𝑸𝒈 + Bv

𝑴𝒈

𝑻
(7d)

Soil Reaction, 𝒑𝒙= 𝒑𝑨 + 𝒑𝑩 = Ap

𝑸𝒈

𝑻
+ Bp

𝑴𝒈

T𝟐
(7e)

From the theory of beam on elastic foundation, the equation of deflected
beam is

𝑬𝑰
𝒅𝟒𝒚

𝒅𝒙𝟒
= 𝒑 (8a)
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Solution for Piles in Cohesionless Soil (Continued…)
However, in Winkler Hypothesis 𝒑 = −𝒌𝒚

Therefore,
𝒅𝟒𝒚

𝒅𝒙𝟒
+

𝒌

𝑬𝑰
𝒚 = 𝟎 (8b)

For Case A:
𝒅𝟒𝒚𝑨

𝒅𝒙𝟒
+

𝒌

𝑬𝑰
𝒚𝑨 = 𝟎 (9a)

For Case B:
𝒅𝟒𝒚𝑩

𝒅𝒙𝟒
+

𝒌

𝑬𝑰
𝒚𝑩 = 𝟎 (9b)

Substituting for 𝒚𝑨,
𝒌

𝑬𝑰
and

𝒙

𝑻
in nondimensional form from Eqn. (6d), (6c) and

(6a), respectively.

For Case A:
𝒅𝟒𝑨𝒚

𝒅𝒛𝟒
+ f(z)𝑨𝒚 = 𝟎 (10a)

For Case B:
𝒅𝟒𝑩𝒚

𝒅𝒛𝟒
+ f(z)𝑩𝒚 = 𝟎 (10b)
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Solution for Piles in Cohesionless Soil (Continued…)
For solution of equation

Substituting for 𝒚𝑨,
𝒌

𝑬𝑰
and

𝒙

𝑻
in nondimensional form from Eqn. (6d), (6c) and

(6a), respectively.

For Case A:
𝒅𝟒𝑨𝒚

𝒅𝒛𝟒
+ f(z)𝑨𝒚 = 𝟎 (10a)

For Case B:
𝒅𝟒𝑩𝒚

𝒅𝒛𝟒
+ f(z)𝑩𝒚 = 𝟎 (10b)

For solution of Eqn. (10a) and (10b) it is necessary to specify f(z) and to
define T.
For sands (𝒌 = 𝜼𝒉𝒙) and other soils, where soil modulus (k) may be assumed
to linearly increase with depth. f(z) may be equated to z.

f(z) = z (11a)
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Solution for Piles in Cohesionless Soil (Continued…)
𝒌T𝟒

𝑬𝑰
=
𝜼𝒉𝒙T𝟒

𝑬𝑰
=
𝒙

𝑻
(11b)

𝑻 =
𝑬𝑰

𝜼𝒉

Τ𝟏 𝟓
(12)

Reese and Matlock (1956) used the finite difference method for equating the
coefficient A and B for finding the deflection (y), slope (S), moment (M), shear
(V) and soil reaction (p) coefficient 𝑸𝒈 and 𝑴𝒈.

• Piles with Zmax ≤ 2, pile behave as a rigid pile. Ay and By linearly decrease
with depth.

• Piles with Zmax ≥ 5, Ay and By are more or less same and thus pile length
beyond Zmax = 5 is not effective in altering the deflection, therefore
infinite length.

𝑳𝜶 = 𝟓𝑻 (13)
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Solution for Piles in Cohesionless Soil (Continued…)
Below Table provide the coefficient A and B. which is applicable when Zmax ≥ 5

Coefficient, A for long pile Coefficient, B for long pile
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Solution for Piles in Cohesionless Soil (Continued…)
Now two cases are: (1) Qg is acting (2) Mg is acting
Let us consider Qg is acting. However, pile head is restrained against rotation (So = 0)
For Slope,

So =𝑺𝑨 + 𝑺𝑩 = As

𝑸𝒈T𝟐

𝑬𝑰
+ Bs

𝑴𝒈𝑻

𝑬𝑰
= 0 (14)

𝑴𝒈

𝑸𝒈𝑻
=

As

Bs 𝒛=𝟎
= −

−1.623
−1.750 = −𝟎. 𝟗𝟑 (15a)

𝑴𝒈 = −𝟎. 𝟗𝟑𝑸𝒈𝑻 (15b)
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Solution for Piles in Cohesionless Soil (Continued…)

For deflection, 𝒚 = 𝒚𝑨 + 𝒚𝑩 = Ay

𝑸𝒈T𝟑

𝑬𝑰
+ By

𝑴𝒈T𝟐

𝑬𝑰

𝒚 = (Ay− 0.93 By)
𝑸𝒈T𝟑

𝑬𝑰
(16a)

𝒚 = (Cy)
𝑸𝒈T𝟑

𝑬𝑰
(16b)

Where, Cy = Ay− 0.93 By (16c)
For partial fixity,                        Cy = (Ay− 0.93𝝀By)                                                            (16d)
𝝀 = 0 for free head 
𝝀 = 1 for fixed head 
𝝀 = 0.5 for 50% restrained 
For moment, Cm = Am− 0.93Bm (17a)

𝑴 = Cm 𝑸𝒈𝑻 (17b)

Cm = Am− 0.93𝝀Bm (17c)
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Solution for Piles in Cohesionless Soil (Continued…)
For soil reaction, 

Cp = Ap− 0.93Bp (18a)

𝒑 = Cp

𝑸𝒈

𝑻
(18b)

or Cp = Ap− 0.93𝝀Bp (18c)
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